Specialist Mathematics Unit2: Chapter 12

Ex 12B

1. If the number is even, we can represent it as 2n,
for a suitably chosen integer value n.

(2n)? = 4n?

which is a multiple of 4, and hence is even.
If the number is odd, we can represent it as 2n+1
for a suitably chosen integer value n.
(2n+1)2 =4n® +4n+1
=4(n®+n)+1

which is one more than a multiple of 4, and hence
is odd.

2. There are five possible cases. The number is

e a multiple of 5;
e one more than a multiple of 5;

two more than a multiple of 5;

three more than a multiple of 5; or

e four more than a multiple of 5.
Considering each of these exhaustively:
e If the number is a multiple of 5:

(5n)% = 25n?
= 5(5n?)
The square is a multiple of 5.

e If the number is one more than a multiple

of 5:
(5n + 1)% = 2512 + 10n + 1
= 5(5n% +2n) + 1

The square is 1 more than a multiple of 5.

e If the number is two more than a multiple
of 5:

(51 + 2)% = 2512 + 20n + 4
= 5(5n% + 4n) + 4

The square is 4 more than a multiple of 5.

e If the number is three more than a multiple
of 5:
(5n +3)* = 25n* + 30n + 9
=5(5n% +4n+1) + 4

The square is 4 more than a multiple of 5.
e [f the number is four more than a multiple
of 5:
(5n +4)* = 25n% + 80n + 16
=5(5n? +4n +3) + 1

The square is 1 more than a multiple of 5.

3. The the number is

e a multiple of 3;
e one more than a multiple of 3; or

e two more than a multiple of 3.
Considering each of these exhaustively:
e If the number is a multiple of 3:

(3n)® = 27n?
= 9(3n?)

The cube is a multiple of 9.

e If the number is one more than a multiple
of 9:
(3n+1)3 = (9n? +6n+1)(3n +1)

=27 + 9n? + 180 + 6n +3n+1
= 2Tn> + 2% + 9n + 1
=9(3n* +3n® +n) +1

The cube is 1 more than a multiple of 9.

e If the number is two more than a multiple
of 3:
(3n+2)% = (90 + 12n + 4)(3n + 2)
= 27n% + 18n® + 36n° + 24n + 12n + 8
=27n3 + 54n® + 36n + 9 — 1
=9(3n3 4+ 60 +4n +1) — 1
The cube is 1 less than a multiple of 9.



4. e Suppose T}, is even, i.e. T, = 2z for some
integer x, then
Tn+1 - ?)Tn + 2
= 3(2z) +2
=23z +1)

Hence T),4+, is also even.
e Suppose T}, is odd, i.e. T,, = 2z +1 for some
integer x, then
Thi1=3T,+2
=3(2zx+1)+2
=6x+5
=23x+2)+1

Hence 7,41 is also odd.

". Th,+1 has the same parity as T,.

5. Consider z° — z = x(x — 1)(z + 1)(2? + 1)
e If z = 5n then 2° —z has z = Hn as a factor,
so it is a multiple of 5.

e If + = 5n + 1 then 2° — 2 has (z — 1) =
(5n + 1) — 1 = bn as a factor, so it is a
multiple of 5.

e If x =5n+ 2 then

2+1=(0Bn+2)2+1
= 25n% +20n +5
= 5(5n% + 4n + 1)
Hence as x°—x has (z2+41) = 5(5n?+4n+1)
as a factor, it is a multiple of 5.
o If z = 5n+ 3 then
22 +1=0Bn+3)2%+1
= 2512 4+ 30n + 10
= 5(5n% + 6n + 2)
Hence as 2° —z has (22+1) = 5(5n%2+6n+2)
as a factor, it is a multiple of 5.

e If 2 = 5n + 4 then 2° — x has (z + 1) =
(bn+4)+1=>5n+5=5(n+1) as a factor,
so it is a multiple of 5.

Hence, 2° — 2 for > 1 is always a multiple of 5.

As one or other of z and = — 1 is even, 2° — x

always has 2 as a factor. Since it has both 2 and
5 as factors, it is always a multiple of 10.

If  is odd, both # — 1 and x + 1 are even, so
x° — x is a multiple of 2 x 2 x 5 = 20.

If z is even, x — 1 and = + 1 are both odd. For
22 4 1:
24+ 1=(2n)*+1
—4n? +1
which is also odd, so 2° — 2 has only one factor

of 2, and so is not a multiple of 20. We can check
this with an example. If z = 2,

2’ —x=2"-2
=322
=30

which is not a multiple of 20.

6. o If x = 7n then 27 —x has & = Tn as a factor,
so it is a multiple of 7.

e If 2 = Tn+1 then 27 —x has (z — 1) =
(Tn +1) — 1 = Tn as a factor, so it is a
multiple of 7.

o [f x =7Tn+ 2 then

P +r+1=(Tn+2)°+(Tn+2)+1
=49n* +28n+4+Tn+2+1
=49n* +35n + 7
=7(Tn* +5n+1)

Hence as 27 — x has (22 + 2 +1) = 7(Tn? +

5n + 1) as a factor, it is a multiple of 7.

e If 1 = 7n + 3 then

2 —zr+1=(MTn+3)>*—(Tn+3)+1
=49n%+42n +9—-Tn -3 +1
= 49n? + 350 + 7
=7(Tn* +5n+1)

Hence as 27 — x has (22 — 2+ 1) = 7(Tn? +
5n + 1) as a factor, it is a multiple of 7.



Ex 12C

e If x =Tn+ 4 then

P4+ r+l=(Tn+4)2+ (Tn+4)+1
=49n® +56n + 16+ Tn +4+1 .
— 49n2 4+ 56n + 21 1=5M0A+1)
=7(Tn* +8n + 3) is true.

The initial case, where n = 1,

Assume the statement is true for n = k, i.e.

Hence as 7 — 2 has (22 + 2+ 1) = 7(7Tn? +
8n + 3) as a factor, it is a multiple of 7.

1
142434+4+...+k=k(k+1)
o If 2 ="Tn+5 then 2

3"2_5’3"‘1:(7”-5-5)2—(7n+5)+1 1en for n

= 4902 + 700 +25—Tn— 5+ 1 1+2+3+4+"';F’“+("’+1)
= 49n? 4+ 63n + 21 = Sh(k+1) + (k+1)

=7(Tn* + 9n + 3) :(%k+l)(k+1)

1

7 _ 2 _ = 2
Hence as x" —x has (z° —x+1) = 7(Tn” + = —(k+2)(k+1)

9n + 3) as a factor, it is a multiple of 7.

o If 2 = 7n+ 6 then 27 — x has (z + 1) = Z%(k-kl)((k%—l)—l—l)
(Tn+6)+1=Tn+7="7(n+1) as a factor,
so it is a multiple of 7.

7

SN

Thus if the statement is true for n = k it is also

—x for x > 1 is always a multiple of 7.
true for n = k + 1.

Hence, x

Since the statement is true for n = 1 it follows by
induction that it is true for all integer n > 1.

The initial case, where n = 1:
2=2%_-2

The statement is true for the initial case.

Assume the statement is true for n = k, i.e.

24 4+8+.. . f2k =0kt _9

Then forn=k+1

2444+ 8+ ...+ 2k poktl —oktl 9 oktl
= 2(2M1) — 2
_olk+1)+1 _ o

Thus if the statement is true for n = k it is also
true for n =& + 1.

Hence since the statement is true for n = 1 it
follows by induction that it is true for all integer
n>1.




The initial case, where n = 1:

LHS. = 1(1+1)
=2

R.H.S. = %(1 +1)(1+2)

= 2
= L.H.S.

The statement is true for the initial case.

Assume the statement is true for n = k, i.e.
k
Ix242%x34+3x4+.. . +k(k+1) = g(k:+1)(k+2)

Then for n =k + 1:
1x242x34+3x44+...+k(k+1)+ (k+1)(k+2)

= %(k+ D(k+2) + (k+1)(k+2)

k
G
_ %(k +3)(k + 1)(k +2)

- k%l(mg)(km}
k+1
_ ——_ﬁ-—((wr D+ 1) ((k+1)+2)
Thus if the statement is true for n = £ it is also
true for n =k + 1.

+1)(k+ 1)(k+2)

Hence since the statement is true for n = 1 it
follows by induction that it is true for all integer
n > 1.

The initial case, where n = 1:

LHS. = 1(1 +1)®
=1
R.H.S. = Z(1 +1)(1+2)
—1
=L.H.S.
The statement is true for the initial case.

Assume the statement is true for n = k, i.e.

P42 43 4+83 4+ 1k =" (k+1)?

2
4

Then forn=%k+1
PB+23 433+ 83+ 4B+ (k+1)3

kZ
= Z(fc+1)2’+(fc+1)3

k2
=k D+ (k+1)(k+1)?

B+ 4k +1)
- 4
B k2 4+ 4k + 4
- 4
2
2
= B2 Dy a2
(k+1)2

2
el (CESVERY

Thus if the statement is true for n = k it is also
true forn =k + 1.

Hence since the statement is true for n = 1 it
follows by induction that it is true for all integer
n > 1.

(k+1)?

(k+1)?

(a) Forn=2,(2n—1)=4—-1=3and n? =4
hence
1+3=4
is consistent with the rule.
Forn=3, 2n—1)=6—-1=5andn?=9
hence
1+34+5=9

is consistent with the rule.
Verify the other statements similarly.
(b) The initial case, where n = 1: 2n —1 =1
and
1=1?
The statement is true for the initial case.
Assume the statement is true for n =k, i.e.
14+3+5+...+(2k—1)=k?
Then forn =%k +1

14+34+5+...+2k—1)+2Kk+1)—1)
=k +2k+1)-1)
=k24+2k+2-1
= k>4 2k+1
= (k+1)?
Thus if the statement is true for n = k it is
also true for n = k 4+ 1.
Hence since the statement is true for n =1

it follows by induction that it is true for all
integer n > 1.



The initial case, where n = 1:

1 2-1
2 2
The statement is true for the initial case.

Assume the statement is true for n = k, i.e.

1 1 1 28—
+—=+...+==

Tt ok ok

1
2

Then forn=k+1

1 1 1 1 1
§+§+§+"'+Q_fﬂ+ﬁ
_2’“—1 1
ok gt
_2(2’“—1) 1
T 9kt 9k+1
22k 1) +1
- 2k+1
2k 241
- k41
2k+1_1
- 2k+1

Thus if the statement is true for n = k it is also
true for n = k + 1.

Hence since the statement is true for n = 1 it
follows by induction that it is true for all integer
n > 1.

The initial case, where n = 1:

11
1(1+1) 1+1

The statement is true for the initial case.
Assume the statement is true for n = k, i.e.

L1 LS .
1x2 2x3 3x4 7 k(k+1) k+1

Then forn =%k + 1

1 1 1 1
%2 2x3 TR T RA DR+ 2)
k 1
SRS
 k(k+2) 1
DD RRCERES)
k(k+2) + 1
Tkt )k +2)
k? + 2k +1

(k+1)(k+2)

(k+1)?
(k+1)(k+2)
k1
T kt2

k+1
(k+1)+1

Thus if the statement is true for n = & it is also
true for n = &k + 1.

Hence since the statement is true for n = 1 it
follows by induction that it is true for all integer
n>1.

The initial case, where n = 1:

LIS = 1(1+2)(1 +4)
=10

RS, — %(1 F1)(1+4)(1+5)

=10
= L.H.S.

The statement is true for the initial case.

Assume the statement is true for n =k, i.e.

Ix3x5+2x4x64+...+k(k+2)(k+4)
k

=4k + 1k +4)(k+5)

Then forn =%k +1
1 x3x54+2x4x6+4...

+k(k+2)(k+4) + (k+ 1)(k + 3)(k + 5)

= Bl 1)k )k 5) + (k) 3)(k45)

— (b +1)(k+5) (g(k +4)+(k+3))

_ %(k +5) (k(k +4) + 4(k + 3))

k+1
:%((k+1)+4)(k2+4k+4k+12)

k41
=%((k+1)+4)(k32+8k+12)

:%((k+1)+4)(k+2)(k‘+6)
:%((m1)+4)((k+1)+1)((k+1)+5)

:%((m1)+1)((k+1)+4)((;c+1)+5)

Thus if the statement is true for n = k it is also
true forn =%k + 1.

Hence since the statement is true for n = 1 it
follows by induction that it is true for all integer
n > 1.



10.

The initial case, where n = 1: (z — 1) is a factor
of z* —lsincex —1=2a! — 1.

The statement is true for the initial case.

Assume the statement is true for n = k, i.e.

2 —1=a(x-1)

Then forn =k +1
bl 1 = (ak) — 1

=¥ —1+1)—1
=ax(zF — 1) 42z -1
=azx(z—1)+ (x —1)
= (ax+1)(x —1)

Thus if the statement is true for n = k it is also

true for n =k + 1.

Hence since the statement is true for n = 1 it
follows by induction that it is true for all integer
n>1.

The initial case here is where n = 7, the first
integer value satisfying n > 6:

LHS =1x2x3x4x5x6x7

= 5040
R.H.S. =37

= 2187

5040 > 2187

The statement is true for the initial case.
Assume the statement is true for n = k; k& > 6,
i.e.

1x2x3x4x...xk>3F

Then forn =k + 1
Ix2x3x4x...xk(k+1)>3%k+1)

k+1
3Fk+1) =3’“+1%

Now kE>6
k+1>7
k+1
3
3F(k+1) > 3+H!

I1x2x3x4x...xk(k+1)> 3k

>1

Thus if the statement is true for n = k it is also
true forn =k + 1.

Hence since the statement is true for n = 7 it
follows by induction that it is true for all integer
n > 6.

11.

12.

The initial case, where n = 1:

T2 x13' =7426
=33
=3x11
The statement is true for the initial case.
Assume the statement is true for n = k, i.e.

"+ 2%x13% =34, acl

Then forn =%k +1
TR 4 2% 13F T =7 x 7TF 4+ 13 x 2 x 13F

=Tx TP+ (7T+6)x2x 13"
=Tx TP Tx2x13% 12 x 13"
=7(7" + 2 x 13%) + 3(4 x 13*)

= 7(3a) + 3(4 x 13%)
=3(7a+4 x 13%)

Thus if the statement is true for n = k it is also
true forn = k + 1.

Hence since the statement is true for n = 1 it

follows by induction that it is true for all integer
n > 1.

The initial case, where n = 1:

LHS. =2
2

R.HS. = 5(1 + (=1)t 2!

2

=2
= L.H.S.
The statement is true for the initial case.

Assume the statement is true for n =k, i.c.

2—44+8—16+. ..+ (—1) 2% = Z(14(—1)kF12FK)

Wil o

Then forn =k + 1
2 — A48 — 16 + ... 4 (—1)FFi2k 4 (—1)kt22k+l

(1 + (_1)k+12k) 4 (_1)k+22k+1

(14 (=D)FF12%) + (—1)(-1)" (2)2"

(1 + (_1)k+12k) _ 2(_1)k+12k

WIN W N W N



_1yk+lok
o (T — (—1)kHi2k
3
_y 1+ (_1)k+12k B 3(_1)k+12k
- 3 3
5 1 + (_1)k+12k _ 3(_1)k+12k
N 3
_y 1_2( 1)k+12k
- 3
o 1\k+lok+1
L, (1 (—1)k+12 )
3
_y 1+ (_1)(_1)k+12k+1
- 3
1\ (kD) +19k+1
., (H( DL )
3
2
— (] 4 (1) (kHD+1gk+1
S+ (1) )

Thus if the statement is true for n = k it is also
true for n =k + 1.

Hence since the statement is true for n = 1 it
follows by induction that it is true for all integer
n > 1.




